It has been shown recently that the geometry of D-branes in general topologically twisted (2, 2) sigma-models can be described in the language of generalized complex (GC) structures. On general grounds, such D-branes (called GC branes) must form a category. We compute the BRST cohomology of open strings with both ends on the same GC brane. In mathematical terms, we determine spaces of endomorphisms in the category of GC branes. We find that the BRST cohomology can be expressed as the cohomology of a Lie algebroid canonically associated to any GC brane. In the special case of B-branes, this leads to an apparently new way to compute Ext groups of holomorphic line bundles supported on complex submanifolds: while the usual method leads to a spectral sequence converging to the Ext, our approach expresses the Ext group as the cohomology of a certain differential acting on the space of smooth sections of a graded vector bundle on the submanifold. In the case of coisotropic A-branes, our computation confirms a proposal of Orlov and one of the authors (A.K.). e-print archive: http://lanl.arXiv.org/abs/hep-th/0501071
Introduction and summary
More than a decade ago, Witten [10] explained how to manufacture 2d topological field theories from sigma-models whose target is a Kähler manifold . He showed that any sigma-model with a Kähler target space X admits a topologically twisted version called the A-model; if X is a Calabi-Yau manifold, there is another topologically twisted theory, the B-model. Recently it was realized that A and B topological twists can be applied, under certain conditions, to more general sigma-models with (2, 2) supersymmetry. In these models, the target space is not Kähler, in general, and the H-flux is nonzero. We will call these more general TFTs the generalized A and B-models. It was shown in [5, 6] that the geometry of these TFTs is conveniently described in terms of generalized complex (GC) geometry [3, 4] . Namely, to any (2, 2) sigma-model, one can associate a pair of GC structures (see what follows) I and J on the target space, and the generalized A-model (resp. B-model) depends only on J (resp. I), at least if one neglects worldsheet instantons. Other papers discussing the relation between GC geometry and supersymmetric sigma-models include [1, 2, 9] .
To any topologically twisted sigma-model one can associate a category of topological D-branes. These D-branes correspond to boundary conditions which are preserved by the BRST operator. D-branes associated to the generalized A-or B-model will be called GC branes. The geometry of such D-branes has been discussed in [5, 12] . We note that so far only GC branes with abelian gauge fields have been understood.
By definition, the space of morphisms between a pair of topological D-branes E and E is the BRST cohomology of the space of open strings, with boundary conditions given by E and E . From the physical viewpoint, these are simply open-string states in the Ramond sector, which have zero energy. Open-string BRST cohomology for topological D-branes in A-and B-models has been intensively studied during the last decade both for physical and mathematical reasons. In this paper we begin a study of openstring cohomology for GC branes. Our main result is the description of this cohomology in geometric terms in the case E = E . That is, we compute endomorphisms in the category of GC branes.
Specifically, we show that to any GC brane wrapped on a submanifold Y of a GC manifold X one can associate a Lie algebroid E Y whose cohomology computes the BRST cohomology. It turns out that this result has interesting implications even for the well-understood B-branes (i.e., topological D-branes of the ordinary B-model). Namely, it has been argued that the category of B-branes is equivalent to the bounded derived category of coherent sheaves on X. Even in the case of a holomorphic line bundle E supported on a complex submanifold Y , the mathematical procedure for computing endomorphisms of the corresponding object in D b (X) is rather complicated and involves many arbitrary choices. The most explicit way to state the result is to say that there is a spectral sequence converging to the desired space of endomorphisms whose E 2 term is given by
(1.1)
The differential d 2 can also be described completely explicitly [8] [T. Pantev, private communication]. It is the composition of the cohomology class 
Back-of-the-envelope estimate of the open-string BRST cohomology gives E 2 as the physical result, but a more careful computation shows that the whole spectral sequence arises [8] . This serves as an important check that the category of B-branes is indeed equivalent to D b (X). Our result shows that one can dispense with the spectral sequence and write down an explicit graded vector bundle on Y and a differential Q Y on its space of sections, such that Q Y -cohomology computes the space of endomorphisms of the B-brane. Specifically, the graded bundle is isomorphic to
(the grading being p + q), and the differential Q Y is mapped by this isomorphism to a deformation of the Dolbeault differential
The correction term δ(Y, F ) has bidegree (2, −1) and depends both on the way Y sits in X and the curvature of the line bundle on Y . The correction term is by itself a differential, so one can write down a spectral sequence which converges to Q Y -cohomology and whose E 1 term is given by equation (1.1). We show that the differential d 1 is equal to [F ] β Y . This confirms that Lie algebroid cohomology computes Ext(E, E).
The isomorphism of our graded bundle on Y with the graded bundle equation (1.2) is not canonical, and as a result the form δ(Y, F ) is not completely canonical either. However, the construction of the original graded bundle and the differential Q Y is completely canonical.
We note that in the case of B-branes of higher rank we do not have analogous results. The spectral sequence-computing endomorphisms still exists, but we do not know how to get it from a complex of vector bundles on Y . Hopefully, an extension of the computations in this paper will enable one to find such a complex. 1
Mathematical preliminaries
Let X be a manifold and H be a closed 3-form on X. The twisted Dorfman bracket on smooth sections of T X ⊕ T X ∨ is a bilinear operation • defined as follows:
Its skew-symmetrization is called the twisted Courant bracket. A subbundle E of T X ⊕ T X ∨ is called integrable if it is closed with respect to the twisted Dorfman bracket. Let q be the obvious symmetric bilinear form on T X ⊕ T X ∨ :
If the subbundle E is isotropic with respect to q and integrable, then the twisted Dorfman bracket descends to a Lie bracket on sections of E.
A Lie algebroid over X is a triple (E, [ , ], a), where E is a real vector bundle over X, [ , ] is a Lie bracket on smooth sections of E, and a is a bundle map a: E → T X. These data must satisfy the following requirements:
• a([s 1 , s 2 ]) = [a(s 1 ), a(s 2 )] for any two smooth sections s 1 , s 2 of E.
The simplest Lie algebroid over X is T X itself, with a = id. All standard constructions using the Lie bracket on T X can be generalized to an arbitrary Lie algebroid over X. For example, on the sections of the exterior algebra bundle
there is a degree-1 derivation d E which squares to zero. Its definition is a slight generalization of the definition of the usual exterior derivative:
The cohomology of d E is called the Lie algebroid cohomology.
An integrable isotropic subbundle E of T X ⊕ T X ∨ can be made into a Lie algebroid by letting a: E → T X to be the obvious projection to T X.
A complex Lie algebroid is defined analogously, except a is a bundle map a: E → T X C . If E is an integrable isotropic subbundle of the complexification of T X ⊕ T X ∨ , then it has an obvious structure of a complex Lie algebroid. From now on we will drop the adjective "complex"; since we will be dealing only with complex Lie algebroids in this paper, this cannot lead to confusion.
Let X be a manifold and H be a closed 3-form on X. A twisted GC structure on (X, H) is an endomorphism
such that I 2 = −1, I preserves q, and the eigenbundle of I with eigenvalue −i is integrable. We will denote the latter bundle E in the rest of the note. It is obviously isotropic, so we get a complex Lie algebroid for every GC structure I (we will drop "twisted" in the rest of the note, so "GC" will mean "twisted GC").
The simplest examples of GC structures (with H = 0) are given by complex and symplectic structures. Given a complex structure I on X (regarded as an endomorphism of T X), we let, in an obvious notation,
Given a symplectic structure ω on X, we let
One can easily check that these tensors define GC structures on X [4] .
In this paper we will find the following equivalent definition of a Lie algebroid useful [11] . Given a vector bundle E we can construct a graded supermanifold E [1] by declaring the linear coordinates on the fibers of E to be fermionic variables of degree 1. A Lie algebroid over X is a pair (E, Q), where E is a vector bundle on X and Q is a degree-1 vector field on the supermanifold E [1] satisfying
To see the relation between the two definitions, let e a be a local basis of sections of E, let x i be local coordinates on X, and let θ a be fermionic linear coordinates on the fibers of E dual to e a . The most general vector field on E [1] of degree 1 has the form
for some locally defined functions a i α , c α βγ . We can use these functions to define a bundle map a: E → T X and a bracket operation on sections of E by letting
The condition Q 2 = 0 is equivalent to the requirement that the triple (E, [, ], a) be a Lie algebroid. Note that in this alternative formulation, sections of the graded bundle equation (2.1) are regarded as functions on E [1] , and the Lie algebroid differential d E is simply the derivative of a function along the vector field Q.
The Lie algebroid of a GC brane
A brane of rank-1 is a submanifold Y together with a Hermitian line bundle E equipped with a unitary connection ∇. Its curvature F = −i∇ 2 is a real closed 2-form on Y whose periods are integral multiples of 2π. In what follows, only the curvature of the connection ∇ will be important; for this reason we will regard as rank-one brane as a pair (Y, F ).
If H = 0, then there is an additional constraint of Y : the restriction of H to Y must be exact. That is, while the B-field on X is not a globally well-defined 2-form, its restriction to Y is. The set of B-fields on X is acted upon by 1-form gauge transformations:
Under this gauge transformation, the connection on E transforms as follows:
The curvature of ∇ is not invariant under these transformations; the gaugeinvariant combination is
The generalized tangent bundle T Y F of a brane (Y, F ) will be defined as the subbundle of T X ⊕ T X ∨ | Y defined by the following condition:
Let (X, H) be a GC-manifold with a GC structure I. A GC brane on X is defined to be a brane (Y, F ) such that its generalized tangent bundle T Y F is preserved by I. It was shown in [5] that rank-one topological branes of the generalized B-model are precisely GC branes.
The definition of a GC brane simplifies somewhat when F = 0, because its generalized tangent bundle becomes the sum of the tangent and the conormal bundle of Y . We will call a GC brane with F = 0 a GC-submanifold.
The anchor map is the obvious projection to T Y C . The Lie bracket is defined as follows. Given any two sections of E Y , we can regard them as sections of To begin with, let us reformulate the definition of the Lie algebroid E Y in terms of a nilpotent vector field on a graded manifold. Recall that E Y is a subbundle of E| Y , and Y is a submanifold of X. Therefore the graded manifold E Y [1] is a graded submanifold of E [1] . If the vector field Q on E [1] happens to be tangent to E Y [1] , then one can restrict it to the latter submanifold and get a nilpotent degree-1 vector field on E Y [1] .
We claim that this is precisely what happens, and the vector field one gets in this way is Q Y . As apparent from the form of equation (2.3), it is sufficient to check this for functions of degree 0 and 1. Functions of degree 0 on E Y [1] and E [1] are ordinary functions on Y and X, respectively. Let f be a function on Y . We can extend it off Y in an arbitrary manner, compute its Q-derivative (which is a section s of E ∨ ), and restrict back to E Y [1] , which means that we restrict s to Y and map it to a section of E ∨ Y using the fact that E ∨ Y is a quotient of E| ∨ Y . The first part of our claim means here that the result does not depend on the way we extended f off Y . This is true simply because the anchor map a:
The second part of our statement (that Q Y is the restriction of Q) follows in this case from the fact that the anchor map for E Y is the restriction of the anchor map for E| Y . Similarly, for degree-1 functions the claimed result follows from the fact that the Lie algebroid bracket for E Y is well defined. Now let us look at how the open-string BRST cohomology is to be computed. In the zero-mode approximation (which is sufficient for computing the BRST cohomology), open-string pre-observables are functions of both bosonic coordinates on Y and fermionic coordinates taking values in some vector bundle over Y . Fermionic coordinates can have R-charge 1 or −1. In order to compute the BRST cohomology, it is sufficient to consider fermionic coordinates with R-charge 1, since the BRST-variation of the ones with R-charge −1 contains spatial derivatives of bosonic coordinates. Let L be the vector bundle over Y where fermionic coordinates of charge 1 take values. Then the space of observables is the space of functions on the graded manifold L [1] . The generator of the BRST transformation is a degree-1 vector field on L [1] which squares to zero.
What does the bundle L look like? For closed strings, the fermionic zero modes (ψ + , ψ − ) take values in the bundle T X ⊕ T X. To make contact with GC geometry, it is useful to work with their linear combinations which take values in T X ⊕ T X ∨ [5] :
where g is the Riemannian metric on X. Open-string boundary conditions put a linear constraint on the fermionic zero modes (ψ, ρ), which requires them to be in the fibers of the generalized tangent bundle of the brane (Y, F ) [5] . Finally, the requirement that the R-charge of the fermions be +1 is equivalent to the requirement that the fermions take values in the subbundle E [6] . Since the intersection of E| Y and the generalized tangent bundle is E Y , we conclude that L = E Y .
It remains to show that the BRST operator acts on
But this is almost trivial: the open-string zero modes are simply a subset of the closed-string zero modes, and the BRST transformation for the former is a specialization of the BRST transformation for the latter. (The fact that the BRST transformation leaves the subset of open-string zero modes invariant is equivalent to the BRST-invariance of the boundary conditions defining our D-brane.) We also know that the closed-string BRST operator coincides with Q. These two facts and the relation between Q and Q Y explained in the beginning of this section imply the desired result.
Examples

GC-submanifolds
It is easy to verify that for GC-submanifolds (i.e., for F = 0) the application of the results of the previous section gives familiar results. For a GC structure I coming from a complex structure I on X (and B = 0), a GC-submanifold is simply a complex submanifold. For such a submanifold, E Y = T Y 0,1 ⊕ (NY ∨ ) 1,0 . The Lie bracket is the obvious one: T Y 0,1 has the standard Lie bracket, the conormal part is an abelian subalgebra, and T Y 0,1 acts on sections of (NY ∨ ) 1,0 via the ordinary∂ operator. Lie algebroid cohomology of E Y is therefore isomorphic to ⊕ p,q H p Λ q NY 1,0 .
If I comes from a symplectic structure on X (and B = 0), then a GCsubmanifold is simply a Lagrangian submanifold, and E Y is isomorphic to T Y C as a Lie algebroid. Hence Lie algebroid cohomology is isomorphic to the de Rham cohomology H • (Y, C).
Rank-1 B-branes
Now let B = 0 and let I come from a complex structure on X. Let (Y, F ) be an arbitrary GC brane. This means that Y is a complex submanifold of X, and the curvature F of the connection ∇ is of type (1, 1) (i.e., the line bundle E is holomorphic). Let us compute the Lie algebroid E Y and show that it is a deformation of T Y 0,1 ⊕ (NY ∨ ) 1,0 . Let (z α , u i ) be local holomorphic coordinates on X such that Y is locally given by the equations z α = 0. Their complex-conjugates will be denotedzᾱ,ūī. We want to choose a local basis of sections for E Y . The most obvious choice is
It is easy to see that this is a local trivialization of E Y . Moreover, it is easy to check that all Lie brackets vanish (it is important here that dF = 0). On the other hand, the obvious Lie algebroid E 0 Y = T Y 0,1 ⊕ (NY ∨ ) 1,0 has the following obvious local trivialization:
Obviously, all Lie brackets vanish as well. It seems at this stage that we have proved that the two Lie algebroids are isomorphic. However, this conclusion is premature, because the transition functions in the two cases are different. Namely, as one goes from chart to chart, the covectors du j mix up with dz α , and so eī mix with e α ; on the other hand, fī does not mix with f α .
To compare the two Lie algebroids, it is convenient to choose a more complicated local trivialization for E Y , so that the transition functions are the same as for E 0 Y . This will prove that E Y and E 0 Y are isomorphic as vector bundles. However, we will see that they are not isomorphic as Lie algebroids, in general, because some Lie brackets in the new basis will be nonvanishing.
Suppose we have two overlapping charts. The holomorphic coordinates in the other chart will be denoted (y α , w i ). We have:
where B = A −1 t is a square matrix whose entries are holomorphic functions of y (it is the gluing cocycle for T Y ∨ ),Ā is the complex-conjugate of A, while C is a rectangular matrix whose entries are holomorphic functions of w, z. On the overlap of the two charts, consider the following holomorphic section of T Y 1,0 ⊗ (NY ∨ ) 1,0 :
γ is a Cech 1-cocycle with values in the coherent sheaf T Y 1,0 ⊗ (NY ∨ ) 1,0 , which measures the failure of T X| Y to split holomorphically as T Y ⊕ NY . Its class was denoted β Y in the Introduction. Using a partition of unity, we can write γ as a coboundary of a smooth 0-cocycle:
where the matrices p j α and q j α are defined on the first and second chart, respectively, but are not holomorphic, in general. Now consider a modified local trivialization: on the first chart we use
while on the second chart we use
Here
is the matrix representing the 2-form F in the coordinate basis dw i , dwī. It is easy to check that the gluing cocycle between the modified local bases is exactly the same as for T Y 0,1 ⊕ (NY ∨ ) 1,0 . Thus E Y is isomorphic to the latter as a vector bundle. Now let us compute the Lie brackets of the elements of the modified local basis of E Y . In terms of the old basis, the new one is eī = eī + Fī j p j α dz α ,ẽ α = e α = dz α . It follows that the Lie brackets on the first chart are
and similarly on the second chart (with p k α replaced with q k α ). We observe that the commutator ofẽī andẽj differs from the commutator of fī =∂ī and fj by a term δ(Y, F )(∂ī,∂j),
where δ(Y, F ) is a local section of Ω 0,2 (Y ) ⊗ (NY ∨ ) 1,0 given in the first chart by δ(Y, F ) = Fj k∂ī p k α − Fī k∂j p k α dz α ⊗ dzī ∧ dzj. This section is actually globally well defined: this follows from the definition of p, q and the fact that the 1-cocycle γ is holomorphic. To see this more clearly, note that on the overlap of the two charts we havē
Here∂ī denotes either ∂/∂ūī or ∂/∂wī (they are related by the matrixĀ). Thus we have a global section
It is easy to see that d Y is∂-closed and therefore represents a class β Y ∈ H 1 (T Y ⊗ NY ∨ ). This is simply the Dolbeault representative of the cohomology class whose Cech representative was denoted γ. The form δ(Y, F ) is obtained by taking the wedge product of
where the grading is given by r + s. One easily sees that if ζ is a section of this graded bundle, then
Here means contraction of NY ∨ and Λ s NY . We conclude that the Lie algebroids E Y and E 0 Y are not isomorphic, in general: the former is a deformation of the latter.
Note that the sheaf cohomology class represented by δ(Y, F ) is exactly the product of the class β Y ∈ H 1 (T Y ⊗ NY ∨ ) and a class in H 1 (T Y ∨ ) represented by the (1, 1) form F . The latter class is the Atiyah class of the line bundle on the brane Y . Thus for Q Y -cohomology we get a spectral sequence whose first term (E 1 ) is simply the∂-cohomology:
and the first differential is the product of [d Y ] = β Y and the Atiyah class. This is precisely the E 2 term in the spectral sequence computing the Ext groups of the object of D b (X) corresponding to our brane Y [8] [T. Pantev, private communication]. (The object is the push-forward of the locally free sheaf E on Y to the ambient manifold X). This provides some evidence that the Lie algebroid cohomology computes the Ext groups.
Coisotropic A-branes
Since the geometry of coisotropic A-branes is somewhat more complicated than that of B-branes, we start with a brief review of the data involved (see [7] for more details). A coisotropic A-brane is a triple (Y, ∇, F ) such that Y ⊂ X is a coisotropic submanifold, and ∇ is a unitary connection on a line bundle on Y with curvature F . By definition, LY ≡ ker(ω| Y ) forms an integrable distribution of constant rank, which is the codimension of Y . In addition, the curvature form F , regarded as a bundle map F : T Y → T Y ∨ , must annihilate LY . So if we denote the quotient bundle T Y/LY by FY , F descends to a section of ∧ 2 FY ∨ . Finally, the restriction of ω −1 F to FY defines a transverse almost-complex structure on Y with respect to the foliation LY . (This transverse almost-complex structure is automatically integrable.) It follows from these conditions that the complex dimension of FY is even. Furthermore, both F and ω| F Y are of type (2, 0) + (0, 2) with respect to the transverse complex structure
where I Y is the restriction to Y of the GC structure associated to the symplectic structure ω on X:
It is easy to see that topologically E Y is isomorphic to L C Y ⊕ FY 1,0 . However, we will show that E Y LY C ⊕ FY 1,0 also as Lie algebroids. To this end, we will perform the same kind of calculation as in the B-brane case. Let us choose a local system of coordinates (x a , z i ,zī, y µ ) on X such that the submanifold Y is locally defined by x a = 0, y µ parametrize the leaves of the foliation defined by LY , while the z's are holomorphic coordinates in the transverse directions. Note that the splitting of transverse coordinates into holomorphic and anti-holomorphic ones is done with respect to the complex structure J on FY . A local trivialization for E Y is given by
To find the gluing cocycle in this basis, let us take another local system of coordinates (u, w, v) , which overlaps with the old one. As equations x a = 0 and u a = 0 define the same submanifold Y locally, one must have u = u(x) on the overlap. In addition, from ω(LY, T Y ) = 0 one deduces that w = w(x, z),w =w(x,z). In other words, the Jacobian for the coordinate change takes the following "upper triangular" form 3
It immediately follows that the e µ 's transform among themselves in a simple way:
The transformation law for the e i 's is slightly more complicated. In the new chart, we have
The form of the Jacobian implies that the components of ω transform according to
Combining this with the transformation law for the coordinate basis, one can show that
This is the same gluing cocycle should we takẽ
as the obvious local trivialization of LY C ⊕ FY 1,0 . Therefore our choice of basis establishes an isomorphism between E Y and LY C ⊕ FY 1,0 as vector bundles.
One can further show that these basis sections of E Y commute under the Lie bracket derived from the Dorfman bracket on T X ⊕ T X ∨ . For instance, we have
where q α denote all of x a , z i ,zī, y µ . The last step follows directly from dω = 0. By the same token, we have [e µ , e ν ] = 0, [e i , e µ ] = 0. Namely, our basis sections for E Y have the same (vanishing) Lie brackets among themselves, just as the basis sections equation (5.1) of LY C ⊕ FY 1,0 .
This shows that E Y LY C ⊕ FY 1,0 not only as vector bundles but also as Lie algebroids. Since Lie algebroid structures on E → X are in one-to-one correspondence with degree-1 homological vector fields on E [1] (i.e., BRST operators in the jargon of TFT), we conclude that one can use the obvious Lie algebroid structure on LY C ⊕ FY 1, 0 to compute the open-string ground states for a coisotropic A-brane. Namely, one can use the simplified BRST operator 4 Q
where d LY is the de Rham differential in the leaf direction, and∂ F Y is the Dolbeault operator in the directions transverse to the foliation. This proves the claim by Orlov and one of the authors [7] that the open-string BRST cohomology for a coisotropic A-brane is isomorphic to the cohomology of the sheaf of functions locally constant along the leaves of the characteristic foliation of Y and holomorphic in the transverse directions.
